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We study theoretically the second-order correlation function g(2)(t) for photons transmitted
through a periodic Bragg-spaced array of superconducting qubits, coupled to a waveguide. We
demonstrate that photon bunching and anti-bunching persist much longer than both radiative and
non-radiative lifetimes of a single qubit. The photon-photon correlations become immune to non-
radiative dissipation due to the Borrmann effect, that is a strongly non-Markovian collective feature
of light-qubit coupling inherent to the Bragg regime. This persistence of quantum correlations opens
new avenues for enhancing the performance of setups of waveguide quantum electrodynamics.
Introduction. Cooperative effects are widely used to
manipulate light-matter interactions [1, 2]. Namely, con-
structive or destructive interference between light cou-
pled to different resonant emitters can result in enhance-
ment (superradiance) or suppression (subradiance) of the
radiative decay rate Γrad as compared to that of an in-
dividual emitter. Both super- and sub-radiant modes
have been demonstrated for a variety of experimental
platforms, such as resonant plasmonic [3] and dielectric
nanostructures [4], solid-state quantum emitters [5, 6],
individual molecules, etc. For example, long-living su-
percavity modes with Γrad  Γ0, inspired by the pho-
tonic bound states in continuum [7], have been recently
realized for resonant dielectric nanoparticles [8]. Similar
concepts to engineer subradiant modes apply in the quan-
tum regime [9–12] as has been recently demonstrated for
single-photon excitations of a superconducting qubit ar-
ray coupled to a waveguide [13]. It is however much
harder to suppress the nonradiative decay. In the usu-
ally valid Markovian regime of light-matter coupling, the
nonradiative decay rate Γnonrad just adds an independent
contribution to the total decay rate, Γtot = Γrad+Γnonrad
that is not sensitive neither to the interference nor to
the number of emitters. As such, the maximum lifetime
1/(2Γtot) is given by t
(1)
nonrad = 1/(2Γnonrad) which seems
to limit the performance of a real-life quantum system
regardless of the sophisticated techniques used to manip-
ulate Γrad.
In this Letter we propose a simple scheme to achieve
quantum correlations between photons in an array of su-
perconducting qubits in a waveguide that have the total
lifetime much larger that both radiative and nonradiative
lifetime of an individual qubit. We consider a periodic
array of N two-level qubits with the resonant frequency
ω0 and the spacing d, satisfying the resonant Bragg con-
dition
d = dBragg ≡ λ(ω0)m
2
, m = 1, 2, . . . , (1)
where λ(ω0) = 2pic/ω0 and c is the speed of light, see
Fig. 1. Our proposal is inspired by the experimen-
tally discovered in 1950 but not very widely known Bor-
rmann effect [14]. The Borrmann effect manifests itself
in anomalous transmission of X-rays through crystals due
to suppression of their absorption in the Bragg regime,
when the electromagnetic wave has nodes at the atom
centers. Similar ideas were examined in the classical op-
tics of Bragg arrays of semiconductor quantum wells [15–
17], in particular Refs. [18, 19]. However, to the best of
our knowledge the Borrmann effect has never been stud-
ied in the quantum regime, that is relevant for recently
emerging setups of waveguide quantum electrodynamics
based on cold atoms and superconducting qubits [20–22].
Here we perform a rigorous calculation of the second-
order photon-photon correlation function g(2)(t) and
demonstrate long-living bunching [g(2)(t) > 1] and an-
tibunching [g(2)(t) < 1] of photons transmitted through
the qubit arrays at the times t  t(1)nonrad. The correla-
tions that persist much longer than the radiative lifetime
are already known for a two-qubit system separated by
large anti-Bragg distance d = (m± 12 )λ0/2 [23]. However,
the advantage of current proposal based on the multi-
qubit Bragg array is that the correlations survive at even
longer times, exceeding the non-radiative lifetime of a
single qubit. This could open new possibilities for appli-
cations in quantum memory and quantum information
processing.
Complex eigenfrequencies. We will now analyze the
energy spectrum of single-excited states of photons cou-
pled to the qubits in a waveguide that will determine
the lifetime of photon-photon correlations. The values of
complex eigenfrequencies ω are determined by the posi-
FIG. 1. Schematics of two photons propagating in an array of
superconducting qubits coupled to a waveguide and separated
by the Bragg spacing d = dBragg ≡ λ(ω0)/2.
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FIG. 2. (a) Dependence of the lifetime of longest-living
eigenmode on the number of qubits for a Bragg-spaced ar-
ray with ω0d/c = pi (large black symbols) and a short-period
metamaterial with ω0d/c = 0.15pi (small red symbols). Solid
curve shows the analytical dependence Eq. (4). (b) Lifetime
dependence on the array period. Black filled and red open cir-
cles correspond to N = 6 and N = 10 qubits. Blue dotted and
dashed lines show the nonradiative and radiative lifetimes for
a single qubit, respectively. Calculation has been performed
for Γnonrad = 0.2Γ0 and Γ0/ω0 = 10
−2.
tions of the poles of the matrix Green function
G(ω) = [H(ω)− ω]−1 (2)
that is defined from the Hamiltonian matrix [11, 23–25]
Hmn(ω) = (ω0−iΓ)δmn−iΓ0eiω|zm−zn|/c, m, n = 1 . . . N,
(3)
where zm are the coordinates of the qubits. Crucially, we
do not limit ourselves to the Markovian approximation
and take into account that the matrix Hmn does depend
on the frequency ω via the phase ω|m− n|d/c gained by
light when traveling from the qubit m to the qubit n.
As a result of the breaking down of Markovian approxi-
mation, the eigenfrequency equation detG−1(ω) = 0 for
the N -qubit system acquires an infinite number of eigen-
values. In addition to the N eigenvalues obtained in the
Markovian approximation H(ω) = H(ω0), there exists
also an infinite number of Fabry-Pero´t eigenmodes that
approach ω0 with the increase of N .
We start by analyzing the lifetime of the longest liv-
ing eigenmode t = 1/(2 min | Imω|). The lifetime depen-
dence on the number of qubits N for the Bragg-spaced
array is shown by the black circles in Fig. 2(a). The life-
time greatly exceeds the nonradiative lifetime of a single
qubit (blue dotted line). The lifetime dependence is well
described by the analytical equation
t(N)
t
(1)
nonrad
= 1 +
2Γ0
ω0pi
N2 , (4)
shown by the solid black curve in Fig. 2(a). This
quadratic t(N) dependence is very different from the case
of short-period quantum metamaterial with the spacing
defined by ω0d/c = 0.15pi, where the Markovian approxi-
mation works well and the lifetime is limited from above
by 1/Γnonrad, small red circles in Fig. 2(a). The increase
of the lifetime in Bragg case is also seen in Fig. 2(b)
where we plot its dependence on the array period for
two given numbers of qubits N = 6 and N = 10. For
N = 6 the Markovian approximation still works and the
lifetime weakly depends on period. However, already for
N = 10 qubits the lifetime in Bragg structure increases,
evidencing strongly non-Markovian physics.
Details of the evolution of the complex energy spec-
trum of the Bragg array with the number of qubits N
are examined in Fig. 3. In the Markovian approximation
the energy spectrum includes a superradiant mode with
ωSR = ω0−i(NΓ0+Γ) and N−1 degenerate dark modes,
ωdark = ω0− iΓ. Figure 3(a) shows the evolution of spec-
trum with increasing N . The trajectory of the superra-
diant mode in the complex plane is shown by the vertical
black line in Fig. 3(a). At N = 6 ∼ √ω0/Γ0 the struc-
ture exhibits a transition from the superradiant regime
to the photonic crystal regime. Namely, the superradiant
mode collides with the another mode with Reω = ω0 (
vertical blue line in Fig. 3a). After the collision these two
modes split into a pair of Fabry-Pero´t modes, that are
mirror-symmetric with respect to ω0. For larger N , the
spectrum consists of multiple Fabry-Pero´t modes. Their
trajectories are shown by curved colored lines with ar-
rows in Fig. 3(a). In the limit N →∞, the Fabry-Pero´t
modes condense near the two branching points of the
Green’s function of the infinite qubit array
ω± = ω0 ±
√
∆2 − Γ
2
4
− iΓ
2
, (5)
where, ∆ =
√
2Γ0ω0/pi is the halfwidth the polariton
band gap [26, 27]. Note that the decay rates of the Fabry-
Pero´t modes remain finite and tend to − Imω± ≡ Γ/2,
a half of the nonradiative decay rate of the qubits, re-
flecting the half-light half-qubit excitation nature of the
polariton. The specific feature of the Bragg array is that
the band gap width 2∆ exceeds the radiative linewidth
of a single qubit Γ0 by a large factor ∼
√
ω0/Γ0.
In present work, we are more interested in the evolu-
tion of the subradiant modes in the vicinity of the res-
onance ω0. The real parts of their eigenfrequencies are
equal to ω0 and the evolution of the imaginary parts with
N is shown in Fig. 3(b). The calculation demonstrates
that when the number of qubits increases, the spectrum
of subradiant modes is no longer degenerate. Moreover,
their imaginary part becomes less than Γnonrad by the
absolute value which means that the effective lifetime of
the eigenstates t = 1/(2| Imω|) becomes longer than both
nonradiative and radiative lifetimes of a single qubit. In
the limit N → ∞, the subradiant modes condense near
ω = ω0 − iΓ and ω = ω0. The latter means the presence
of modes with infinitely long lifetime. In order to under-
stand qualitatively the origin of the long lifetime we plot
in Fig. 3(c) the distribution of the electric field, corre-
3(b)
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FIG. 3. (a) Evolution of the complex energy spectrum of
the Bragg qubit array with the number of qubits N . Lines
with arrows show the the trajectories of Fabry-Pero´t (FP) and
superradiant (SR) modes with the increase of N . (b) Blow-up
of the subradiant part of the spectrum depending on N . (c)
Electric field Eq. (6) calculated for the most subradiant mode
of the 30-qubit array (ω − ω0 ≈ −0.015Γ0). Calculation has
been performed for Γnonrad = 0.2Γ0 and Γ0/ω0 = 10
−2.
sponding to the emission from the longest living eigen-
mode for N = 30 qubits:
E(z) = −i
N∑
m=1
eiω|z−md|/cψm , (6)
where ψm is the eigenvector satisfying H(ω)ψ = ωψ. The
calculated distribution has nodes at the qubit sites, which
explains the suppression of the nonradiative decay, sim-
ilar to the Borrmann effect in the X-ray physics [14]. In
another words, the mixed light-qubit polariton wave de-
couples from the qubits and stops being absorbed.
Persistent quantum correlations. The uncovered
long-lived modes pave the way for the long-lived
quantum correlations in the Bragg qubit array, with
the decay times longer than the nonradiative de-
cay rate. In order to demonstrate this, we calcu-
late the photon-photon correlation function g(2)(τ) =
〈a†(0)a†(τ)a(τ)a(0)〉/〈a†(0)a(0)〉, where a(t) is the pho-
ton destruction operator, for the light transmitted
through the Bragg array under low-intensity coherent ex-
citation at frequency ε. The correlation function can be
calculated as [11, 23]:
g(2)(τ, ε) =
∣∣∣∣∣∣1 + i2t2(ε)
∞∫
−∞
dω
2pi
e−iωτM(ε+ ω, ε− ω)
∣∣∣∣∣∣
2
,
(7)
where t = 1 + iΓ0
∑N
m,n=1Gmn(ε)e
iε(zm+zn)/c is the
single-photon transmission coefficient and the kernel
M(ω′1, ω
′
2) = −2iΓ20
N∑
m,n=1
s−n (ω
′
1)s
−
n (ω
′
2)Qnms
+
m(ε)s
+
m(ε)
(8)
with s±m(ω) =
∑
mGmne
±i(ω/c)zn and Qnm = [Σ−1]nm,
Σnm =
∫
dωGnm(ω)Gnm(2ε−ω)/(2pi) describes photon-
photon interaction in the qubits. The integration over
ω in Eq. (7) in the non-Markovian regime requires some
care due to the presence of factors e±i(ω/c)zn in s±. In
order to simplify these factors, we take into account the
identity
s±m(ω) = −
ei(ω/c)zn±
iΓ0
[
δm,n± + (ω − ω0 + iΓ)Gm,n±
]
(9)
where n+ = 1, n− = N that follows from the Green
function definition Eqs. (2)–(3). Next, we expand the
Green function as Gmn =
∑
ν g
ν
mn/(ων−ω) where ων are
the eigenfrequencies of the Hamiltonian Eq. (3) that are
found numerically within some large finite region and the
residue matrices gνmn are determined following Ref. [28].
Finally, using the sum rule
∑
ν g
ν
mn = δmn, we find
s±m =
∑
ν
sν,±m
ων − ω , s
ν,±
m = i e
i(ω/c)zn± gνm,n±
ων − ω0 + iΓ
Γ0
.
After this expansion is substituted into Eq. (8), we use
standard contour integration techniques to obtain the
correlation function Eq. (7).
Figure 4 shows the time dependence g(2)(τ) obtained
numerically for different incident light frequencies ε.
Panels (a) and (b) have been calculated for a short ar-
ray with N = 4 qubits that is still in the superradiant
regime and for a longer array with N = 16 qubits that is
already in the photonic crystal regime, respectively. At
relatively short times the function g(2)(τ) demonstrates
strong photon bunching when the excitation frequency ε
is close to ω0. The single photon transmittance |t(ω0)|2 is
suppressed in the vicinity of resonance due to the strong
reflection, so that photons can pass through the struc-
ture only in pairs. The calculation demonstrates that
photon-photon correlations strongly depend on the num-
ber of qubits. In the case of short structure, Fig. 4(a),
in the wide spectral range Γ0 . |ε − ω0| . NΓ0, the
function g(2)(τ) rapidly decays to 1 at the time scale of
the superradiant mode ∼ 1/(NΓ0). In long structures,
Fig. 4(b), the decay is non-monotonous and the cor-
relations oscillate with time. Strong photon bunching
is observed when the excitation energy is close to the
edges of the polariton band gap ω0 ± ∆ ≈ ω0 ± 8Γ0,
shown by the horizontal lines in Fig. 4b. Crucially,
the decay of the correlations becomes significantly slower.
This is also seen from Fig. 4(c), showing the dynamics of
the correlations for two values of the excitation energies
ε = ω0 + 4Γ0 and ε = ω0 + 8Γ0 respectively. The red
4FIG. 4. (a,b) Time dependence of photon-photon correla-
tions g(2)(t) scanned vs. the energy of incoming photons ε
calculated for the Bragg array with (a) N = 4 qubits and (b)
N = 20 qubits. Upper and lower horizontal lines in (b) indi-
cate the edges of the polariton bandgap ε = ω0±∆. Panel (c)
shows the time dynamics for N = 20 qubits at two excitation
characteristic energies. Calculation has been performed for
Γ = 0.2Γ0.
curve in Fig. 4(c) is calculated for the excitation energy
ε = ω0 + ∆/2 ≈ ω0 + 4Γ0, when the amplitude of the
correlations at large times is at maximum. This corre-
sponds to the regime of photon-photon interaction when
one of the two scattered photons is at the resonance with
the Fabry-Pero´t mode near the polariton band gap edge
ω0+∆ and at the same time the other photon is at the res-
onance with the subradiant states with Reω = ω0. The
lifetime of the correlations is longer than both radiative
and nonradiative lifetimes of a single qubit trad = 1/(2Γ0)
and tnonrad = 5trad for the parameters of Fig. 4. Accord-
ing to Fig. 2(a) and Eq. (4), the lifetime grows for longer
arrays as N2. Since min(Imω) → 0 for N → ∞, we ex-
pect slow nonexponential power law decay in the limit of
infinite structure.
To summarize, we predict that photon-photon correla-
tions become partially immune from nonradiative dissi-
pation due to the Borrmann effect, when the light wave
has nodes at the qubit positions. Our results demon-
strate that the properties of the Bragg-spaced array of
qubits, when ω0d/c = pi, 2pi, . . . are strongly different
from those in the conventional metamaterial regime when
ω0d/c  pi [13]. Thus, the Bragg-spaced arrays of-
fer new possibilities to manipulate the quantum light.
We also note, that the time dynamics g(2)(t), studied
here, probes directly only the lifetimes of single-excited
states. Even more interesting physics can be expected
for the double-excited states. The interaction-induced lo-
calization and topological transitions have been recently
predicted for two-polariton states [29, 30], but the non-
Markovian regime of polariton-polariton interactions re-
mains fully unexplored and promises very intriguing ef-
fects. For instance, one can imagine a situation when a
pass-band of bound two-polariton states [31, 32] forms
within a wide Bragg band gap of single-particle excita-
tions, which could lead to the highly selective two-photon
transmission.
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